
Mathematics Extension 2 2005

Total marks -120
Attempt Questions 1- #

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

Marks

Question 1 (15 marks) Use a SEPARATE writing booklet.

, t 
e, 

d.x.(a) Evaluate 
Jot*r '

2

3

4(d)

(b) By completing the square, find | +J t tx '  -6r+10

Use integration by parts to frnd 
Jxlo 

E"x&.

Use the substitution u=l-.x to evaluat" 
J-,

(c)

(e) (i) Find real numbers a and b such that

4 x 2 - S x - l  a  b x + l

(ii) Hence find 
I qxz - 5x- I

J1'*11'4;*

2 + x  ,
- n t

2
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Question 2 (15 marks) Use a SEPARATE writing booklet.

(a) Let z = 1+ i and w =l-Zi. Find, in the form .x+ i,

Marks

(i)

(ii)

zw

I
=
w

Express -Z+ZJ4| in modulus-argument form

Hence evaluate 1[-2*;3; in the form x + iy .

(b) Sketch the region in the Argand diagram where the inequalities

lz-2+2ils2 ^d +< arg. 
-7t

'  4  - t ' ?
hold simultaneouslv

(c)  I t  is  g iventhat 3- i  is  arootof  P(z)=13 +rr+60,wherer is arealnumber.

(i) State why 3 + i is also a root of p(r) .

(ii) Factorise P(z) over the real numbers.

I

2

(d) (i)

(ii)

(e) By applying de Moivre's theorem and by also expanding (cosO + f sing)a ,
obtain expressions for cos49 in terms of cosg.
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Question 3 (15 marks) Use a SEPARATE writing booklet.

(a)

The diagram shows the graph of f (x)= 
*

(i) Write down the equations of all the asymptotes.

Draw separate one-third page sketches of the graphs of the following:

(i i) y=#

( i i i )  r  = /( lx l )

(iv) yz -f(r)

(b) Let u, B andT be the roots of x3 + 3x2+ 4 = 0 .

(i) Find the polynomial equation whose roots are q2,P2 and y2

( i i )  F ind  a tBy*oF3" f  +aFy3.

Question 3 continues on page 5

Marks
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Question 3 continued

(c) ( i )  I f  a>b>0,onasketch of thecurve y=Jo? -*  shadetheregion

represented by the definite integral f" '{t' A *
J t

(ii) By using your diagram, or o*tenvise, show that

f' ,1s 1*=t "o,-,f9.1- *J", --u'
J u '  2  \ a )  2

l\{arks

End of Question 3
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Question 4 (15 marks) Use a SEpARATE writing booklet.

(a) Find the equation of the norrnal to the curve defined by *o + 3ry - y2 + 9 = 0
at the point (-t,Z).

I\{arks

(b)

(  . \  (  - \
The points Pl ,p,l I and el ,e,! l, p * q, lie on the same branch of the

\  p )  \  q )
hyperbola xy = c2 .
The tangents atP and I meet at thepoint L

(i) show that the equation of the tangent to the hyperbola at e is
x + q z y - Z t q

(ii) Show that Zhas coordinates ( ZtO,Z\
\ P + q  p + q )

(iii) If P and Q move so that pe = k, a constant, show that the locus of I
is a straight line and give its equation in tenns of &.
Cle,ar l5 sho'{ .  l^)  restr ict ia. .s o^ t l^ .  la<.*s.

Question 4 continues on page Z

3
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Question 4 continued

(c) The vertices of an acute-angled triangle,4 BClie on.a circle' The
\ - / 

perpendiculars from A, B aid c meet BC, AC and AB at D, E and F

respectivelY.

The perpendiculars AD, BE and cF are produced to meet the circle at Q, R

and S resPectivelY.

(i)

(iD

(iii)

(iv)

Using MEB,state the relationship between IEAB and IEBA'

giving reasons.

Prove that IABE: ZACF.

Prove that AQbisects IRQS.

Prove that the points E, F, B and C are concyclic'

End of Qtestion 4

2

I
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Marks

Question 5 (15 marks) Use a SEPARATE writing booklet.

(a) The region bounded by 0 < x 32 ,0 < y S 4x2 -x4 is rotated about the
y-axis to form a solid.

Use the method of cylindrical shells to find the volumg of the solid.

(b) E - Z(cosfr+ ising) nd 4 = 2 i are two complex numbers.

(r) On anArgand diagram draw the vectors fr *a & *represent 4 a,'"rd 4
respectively. Also draw the vectors representing 4+ 4 and 4- 4.

(ii) Find the exactvalues of arg(4 + a) and, ue(a- 4).

(cXi) Show that f (x) = tJ4- *2 is an odd tunction.

(ii) Hence evaluate 
f<.-rlJu-,*

(dxr) Use the substitution tt = L4 - x toshow that

, 
fin(,+tanr) 

*=l:^(#)*

(ii) Hence find the exact value of [*'n1'+ tanr) dr
) o

2

2

I

2

7

End of Question 5
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Question 6 (15 marks) Use a SEPARATE writing booklet.

(a) The base of a solid is the region in the xy plane bounded by the circle

,2 + y2 = 9. Each cross-section perpendicular to the x-axis is a square.

* 2  + y 2  - 9

Marks

(i) Show that the area of the square cross-section at x = ft, where
/  l \- 3 < k < 3 , i s  4 1 9 - k ' l
\ /

Hence frnd the voiume of the solid.

The point P(acos0,bsin0) ti., orl the ellipse 4 ** =',' a t b "

(ii)

(b)

S is the focus (ae,O) .

M thepoint where the tangent at P cuts the directri x, x = 1 '. e

(i) Show that the equation of the tangent to the ellipse at P is
xcos0 ysin0

- . i -  i - - ;  I

a b

(ii) show thatMhas coordinate. 
[:,n#)

(iii) Prove that IPSM = 90o.

Question 6 continues on page l0

9
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Question 6 continued

(c)

(ii)

(iii)

Marks

(i)

/'1

Show that the solutions of z6 + z3 +l = 0 are contained
in the solutions of z9 -I=0

Sketch the nine solutions of z9 - 1 = 0 on an Argand diagram
(about one third of a page in size)

Mark clearly on your diagram the six roots z1 ,22223t24,25,26

o f  z 6  + 2 3  + l = 0

End of Question 6

(iv) Show that the sum of the six roots of z6 + ,3 +l = 0 is given by
^(  2z  4n  8z)/ [cos-+cos-+.orrJ

2

l 0
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Question 7 (15 marks) I/se a SEPARATE writing booklet'

(a) The equation t3 -3x2 +5x-2=0 has toots a,B,y.

Find a2 + 92 + y2

(ii) Hence find the number of real roots of the equation

, 3  - 3 r z  + 5 x - 2 = o

A particle of mass m is projected vertically upwards with an initial velocity

, -r-l in a medium in which the resistance to the motion is proportional to

the square of the velocity u *r-l of the particle, that is mla'2 .

Let xbethe displacement in metes of the particle above the point of

projection, O, so that the equation of motion is

x=- (e* * ' ) .
4

Where g rns-t is the acceleration due to gravity-

(i) Assume k: lland that the acceleration due to gravity is 10 ms-2 .

Show that r = 1(,un-t u - tan-l v)
1 0 \

(ii) Find, in terms of u, the time taken for the particle to reach its
greatest height.

(iii) Find an expression for the height, x, in temrs of u and v.

(iv) Find, in terms of u, the greatest height attained.

(c) A sequence of numbers rn is such that u7 =2 , uz= 16 and

un = 8un-1 - l5ur-2 for n 2 3'

(D Use the method of Mathematical Induction to show that iln = 5n - 3n

f o r  n  > 1 .

(i i)  Hence show that u1 t u2* ui+ .. .+ un =

Marks

o)

2

I

i 1

5n+1 _ Zx3n+1 +l
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Question S (15 marks) Use a SEPARATE writing booklet'

- L

(a) Solve x'a'n' = x

Given that In= [tsecrtar{ xdx, n=1,2,3...', .b

(i) Find {

- l )  n - l  ,Prove that I, =::- -'n-2

(iii) Evaluate .I5

(c) Two points, X and Y, are undergoing Simple Harmonic Motion on the
number plane.

Y moves along they axis, oscillating between | =lcm and y =7 cm with

period z seconds.

X moves along the x axis with centre of motion at x = 3 cm and period
2a seconds.

Initially Y is stationary at | =7 andX is at its central position with

velocity of 2cms-1 .

(D Show that Y moves according to the equation | = 4+ 3cos2r

and that X moves according to the equation x = 3 + 2sin/
In both cases you should use the displacement-time equation
for SHM, x = b + acos(nt + a), asyour starting point.

(ii) As X and Y move in SHM find the 
Tte 

at which the area of

triangle OXY is changing when , =4
4

End of paper

Marks

(b)

3(ii)

f,

3

12
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